OPERATOR ALGEBRA QUANTUM HOMOGENEOUS SPACES OF 

UNIVERSAL GAUGE GROUPS 



SNIGDHAYAN MAHANTA AND VARGHESE MATHAI 

Abstract. In this paper, we quantize universal gauge groups such as SU{oo), as well as 
their homogeneous spaces, in the cr-C*-algebra setting. More precisely, we propose concise 
definitions of cr-C* -quantum groups and cr-C*-quantum homogeneous spaces and explain 
these concepts here. At the same time, we put these definitions in the mathematical context 
of countably compactly generated spaces as well as C*-compact quantum groups and ho- 
mogeneous spaces. We also study the representable K-theory of these spaces and compute 
it for the quantum homogeneous spaces associated to the universal gauge group SU (oo). 

If if is a compact and Hausdorff topological group, then the C*-algebra of all continu- 
ous functions C{H) admits a comultiplication map A : C{H) — )■ C{H)<§)C{H) arising from 
the multiplication in H. This observation motivated Woronowicz (see, for instance, [23]). 
amongst others such as Soibelman [19], to introduce the notion of a C* -compact quantum 
group in the setting of operator algebras as a unital C*-algebra with a coassociative comulti- 
plication, satisfying a few other conditions. If the group H is only locally compact then the 
situation becomes significantly more difficult. One of the reasons is that the multiplication 
map m : H X H ^ H is no longer a proper map and one needs to introduce multiplier 
algebras of C*-algebras to obtain a comultiplication, see for instance, Kustermans-Vaes [7]. 
For an excellent and thorough introduction to this theory the readers are referred to, for 
instance, [8]. In the sequel we show that if H = lim if„ is a countably compactly generated 
group, i.e., if C -ff„+i are compact and Hausdorff topological groups for all n G N and if 
H is the direct limit, then a story similar to the compact group case goes through using the 
general framework of cr-C*-algebras as systematically developed by Phillips [T2| [13]. moti- 
vated by some earlier work by Arveson, Mallios, Voiculescu, amongst others. There is a clean 
formulation of, what we call, a-C*-quantum groups, which are noncommutative generaliza- 
tions of C{H). Examples of countably compactly generated groups are f/(oo) = lu^^U{n), 
SU{oo) = lu^^SU{n), where U{n) (resp. SU{n)) are the unitary (resp. special unitary) 
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groups. They are also known in the physics hterature as universal gauge groups, see Harvey- 
Moore [5] and Carey-Mickelsson [1]. Such spaces are not locally compact and hence the ex- 
isting literature on quantum groups cannot handle them. Moreover, locally compact groups 
that are not compact, are also not countably compactly generated. We also discuss in de- 
tail the interesting example of the quantum version of the universal special unitary group, 
CiSUgioo)). 

A pro C*-algebra is an inverse limit of C*-algebras and *-homomorphisms, where the in- 
verse limit is constructed inside the category of all topological *-algebras and continuous 
*-homomorphisms. For the general theory of topological *-algebras one may refer to, for in- 
stance, [H]. The underlying topological *-algebra of a pro C*-algebra is necessarily complete 
and Hausdorff. It is not a C*-algebra in general; it would be so if, for instance, the directed 
set is finite. If the directed set is countable, then the inverse limit is called a a-C*-algebra. 
One can choose a linearly directed cofinal subset inside any countable directed set and the 
passage to a cofinal subsystem does not change the inverse limit. Therefore, we shall always 
identify a cr-C*-algebra A = ^im An, where n G N. The inverse limit could have also been 
constructed inside the category of C*-algebras; however, the two results will not agree. For 
instance, if H = lu^^Hn as above, then the inverse limit ^im^C(iJ„) inside the category of 
topological *-algebras is C{H), whereas that inside the category of C*-algebras is Cb{H), 
i.e., the norm bounded functions on H. It is known that Cb{H) = C{PH), where PH is the 
Stone-Cech compactification of H. Therefore, if one wants to model a space via its algebra 
of all continuous functions then the former inverse limit is the appropriate one. Henceforth, 
the inverse limits are always constructed inside the category of topological *-algebras. It is 
known that any *-homomorphism between two pro C*-algebras is automatically continuous, 
provided the domain is a (T-C*-algebra (see Theorem 5.2. of [I2])- Furthermore, the cate- 
gory of commutative and unital (T-C*-algebras with unital *-homomorphisms (automatically 
continuous) is contravariantly equivalent to the category of countably compactly generated 
and Hausdorff spaces with continuous maps via the functor X i— t- C{X) (see Proposition 
5.7. of [I2])- li A = ^im An, B = ^m i?„ are two cr-C*-algebras, then the minimal tensor 
product is defined to be A^^^^B = lim A„(8>min-B„. Henceforth, A^B will always denote 
the minimal or spatial tensor product between a-C* -algebras. 

We next outline the contents of the paper. ^ initiates the concept of a (T-C*-quantum 
group, where the interesting example of the quantum version of the universal special uni- 
tary group, C{SUg{oo)), is discussed in detail, ^initiates the concept of a (j-C*-quantum 
homogeneous space, where some interesting examples of quantum version of homogeneous 
spaces associated to the universal special unitary group, SU (oo), are discussed in detail. ^ 
contains the computation of the representable K-theory of C{SUg{oo)) as well as some of 
the quantum homogeneous spaces associated to it. 
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1. (T-C*-QUANTUM GROUPS 



In this section, we define the concept of a cr-C*-quantum group and explain it here. We 
also discuss in detail the interesting example of the quantum version of the universal special 
unitary group, C{SUq{oo)). 

If if is a countably compactly generated and Hausdorff topological group, although the 
multiplication map m : H x H ^ H is not proper, we get an induced comultiplication 
map m* : C{H) C{H x H) = C{H)®C{H), which will be coassociative owing to the 
associativity of m. Motivated by the definition of Woronowicz (see also Definition 1 of [7]), 
we propose: 

Definition 1. A unital a-C*-algebra A is called a a-C*-quantum group if there is a unital 
*-homomorphism A : A A^A which satisfies coassociativity, i.e., (A®id)A = (id®A)A 
and such that the linear spaces A{A)[A®1) and A[A){\®A) are dense in A® A. 

Lemma 1. Let {An, On '■ An An-i}nen be a countable inverse system of C*-algebras and 
let Bn C An be dense subsets for all n such that 9n{Bn) C Bn-i. Then ^im^ i?„ is a dense 
subset of the a-C* -algebra lim^ An. 

Proof. The assertion follows from the Corollary to Proposition 9 in §4-4 of [2]. □ 

Example 1. Obviously, any C* -compact quantum group is a a-C* -quantum group. Let 
{An, On '■ An — )■ A„_i}„gN bc a countable inverse system of C*- compact quantum groups 
with On surjective and unital for all n. Furthermore, let us assume that the comultiplication 
homomorphisms An form a morphism of inverse systems of C*-algebras {A„} : {An} — > 
{An® An}. Then {A, A.) = (^im A„,^im A„) is a a-C* -quantum group. Indeed, the density 
of the linear spaces A[A)[A®1) and A[A){\®A) inside A® A follow from the above Lemma. 

Our next goal is to outline the construction of the quantum universal special unitary 
group, C{SUq{oo)). Recall that for q G (0,1), the C*-algebra C{SUq{n)) is the universal 
C*-algebra generated by + 2 elements Gn '■= {u'^j '■ i, j = 1, . . . , n} U {0, 1}, which satisfy 
the following relations 

(1) o* = 02 = 0, r = l2 = l, 01 = = 10, 1<=<1 = < 0<, =<_.0 = 0foralH,J 



(2) 



fc=i 



El 

k=l 



U 



ki) 



U 



kj 



(3) 



i2---in'^jlii 



Jn I'TL 



J2---Jn - 



n=l 42=1 



in = l 



where 

E ■ ■ 



whenever ii,i2, - ■ ■ ,in are not distinct; 



Here 6ijl = if z 7^ j, where denotes the zero element in the generating set of C{SUq{n)) 
and, for any permutation cr, £(cr) = Caxd{{i,j)\i < j,cr{i) > cr(j)}. The C*-algebra 
C{SUq{n)) has a C*-compact quantum group structure with the comultiphcation A given 
by 

A(0) := ® 0, A(l) := 1 ® 1 and A«^.) := < ® 

It is known that C{SUq{n)) is a type-I C*-algebra [5], whence it is nuclear. Therefore, there 
is a unique choice for the C*-tensor product in the definition of the comultiphcation. There 
is a surjective *-homomorphism On : C{SUq{n)) — )• C{SUq{n — 1)) defined on the generators 
by 



6n{x) := a; if X = 0, 1 
such that the following diagram commutes for all n ^ 2 



u^' if l<^,j<n-l, 
6ijl otherwise. 



C{SUq{n)) C{SUq{n))^C{SUq{n)) 




CiSUqin - 1)) C{SUq{n - l))®C{SUq{n - 1)). 

One can verify this assertion by a routine calculation on the generators. Consequently, 
forn ^ 2 the families {C{SUq{n)),en} and {C{SUq{n))(^C{SUq{n)),en®On} form countable 
inverse systems of C*-algebras and {A„} : {C {SUq{n))}^{C {SUq{n))®C {SUq{n))} becomes 
a morphism of inverse systems of C*-algebras. We construct the underlying cr-C*-algebra of 
the universal quantum gauge group as the inverse limit 

C{SUq{oo)) = l^C{SUq{n)). 

n 

In fact, C{SUq{oo)) is a (T-C*-quantum group, since it is the inverse limit of C*-compact 

quantum groups, where the comultiphcation A on C{SUq{oo)) is defined to be A = lim A„ 

(see the Example above). 

If G is a set of generators and R a set of relations, such that the pair [G, R) is admissible 

(see Definition 1.1. of [1]), then one can always construct a universal C*-algebra C*{G,R). 

For instance, the universal C*-algebra generated by the set {l,x}, subject to the relations 
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{1* = 1^ = 1, Ix = xl = X, x*x = 1 = XX*}, is isomorphic to 0(5*^). The generators and 
relations of C{SUq{n)) described above are also admissible. 

Remark 1. All matrix C* -compact quantum groups considered, for instance, in [22l [23] . 
such that the relations put a hound on the norm of each generator, are of the form C*{G, R), 
where {G, R) is an admissible pair of generators and relations. 

Let {(Gi, be a countable family of admissible pairs of generators and relations, 

so that C*{Gi,Ri) exist for all i. Let F{G) denote the associative nonunital complex *- 
algebra (freely) generated by the concatenation of the elements of G ]J G* and finite C- 
linear combinations thereof, where ]J denotes disjoint union and G* = {g* \ g G G} (formal 
adjoints). We call a relation in R algebraic if it is of the form / = (or can be brought to 
that form), where / G F{G). For instance, if G = then x*x = 1 is algebraic, whereas 

||x|| ^ 1 is not. If (G, -R) is a pair of generators and relations, then a representation p of 
(G, R) in a (pro) G*-algebra 5 is a set map p : G ^ B, such that p(G) satisfies the relations 
R inside B. If (G, R) is a weakly admissible pair of generators and relations (see Definition 
1.3.4. of [13j), then one can construct the universal pro G*-algebra G*(G, R) (see Proposition 
L3.6. of ibid.). It is known that any combination (even the empty set) of algebraic relations 
is weakly admissible (see Example 1.3.5.(1) of ibid.). 
We further make the following hypotheses: 

(a) There are surjective maps 6i : Gj — ?■ Gj^i, so that one may form the inverse limit in 
the category of sets G = ^im. Gj, with canonical projection maps : G — t- Gj. We also 
require the surjections 9i to admit sections Sj-i : Gj_i — )■ Gj satisfying 9i o Si-i = idc^.i, 
so that we get canonical splittings 'ji : Gi ^ G satisfying Pi o •j^ = idd ■ The map 7, 
sends gi — j- {hj}, where 

{gi if j = i, 
6i-n+i o ■ ■ ■ o ei{gi) a j = i - n, n > 0, 
Si+m-i o ■ ■ ■ o Si{gi) if j = 2 + m, m > 0. 

(b) We require that for all i the iterated applications of 9j's and s^'s on Gj satisfy Ri for all 
j ^ i and k ^ i. 

The surjective maps 9i induce surjective *-homomorphisms 9i : G*(Gj, Ri) — t- G*(Gi_i, -Ri_i); 

consequently, {G*(Gj, -Rj), 6'j}jgN forms a countable inverse system of G*-algebras. We may 

form the inverse limit l^m . G*{Gi, Rj), which is by construction a (T-G*-algebra. Let {G,R) 

be a pair of generators and relations, where G = ^im. Gj and R denotes the set of relations 

{li{Gi) satisfies Ri for all i}. A representation p of (G, i?) in a (pro) G*-algebra B is a set 

map p : G B, such that p o '~fi{Gi) satisfies Ri inside B for all i. We assume that (G, R) is 

a weakly admissible pair, so that one can construct the universal pro G*-algebra G*{G,R). 
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Theorem 1. There is an isomorphism of pro C*-algebras C*{G,R) = l^m. C*{Gi, Rj). 

Proof. It suffices to show that lim. C*{Gi, Ri) is a universal representation of {G,R), i.e., 
there is a map l : G l^m . C*(Gj, Ri) such that l o 7j(Gj) satisfies Ri inside l^m . C*(Gj, -Rj) 
for all i and given any representation p of the pair (G, -R) in a pro G*-algebra -B, there is a 
unique continuous *-homomorphism k : ^im^ G*(Gj, -Rj) — -B making the following diagram 
commute: 



G = Jim. Gi 1 ^ |im. G*{Gi, Ri) 

K 

B. 

The map l : G ^ l^m . G*(Gi, -Rj) is defined as g ^ {Vi^q)}^ which is a representation of (G, -R) 
due to the Hypothesis (jb]) above. The construction of the universal pro G*-algebra G*(G, -R) 
(resp. G*-algebra G*(Gj,-Rj)) is defined via a certain Hausdorff completion of F{G) (resp. 
F{Gi)) with respect to representations in pro G*-algebras (resp. G*-algebras) satisfying R 
(resp. -Rj). The surjective maps 9i induce *-homomorphisms 9i : F{Gi) — > -F(Gj_i), whence 
we may construct the *-algebra ^rn.-F(Gj) (purely algebraic inverse limit). By the above 
Lemma it suffices to define k, on coherent sequences of the form {wi} G Jim. -F(Gi), which 
then extends uniquely to a *-homomorphism on the entire lim. G*(Gj, -Rj). Thanks to the 
maps p o 7j : Gj — 7- -B, p extends uniquely to a *-homomorphism ^m. -F(Gi) — t- B. Now 
there is a unique choice for K,{{wi}) forced by the compatibility requirement, i.e., ^{{wi}) = 
p{{wi}). By construction k is a *-homomorphism and it is automatically continuous, since 
Jim . G*(Gj, -Rj) is a (j-G*-algebra. □ 

In the example of G{SUq{oo)), one could try to define the section maps s^-i : G„_i — )■ G„ 

as 

But the Hypothesis (jbj) will not be satisfied and hence the above Theorem is unfortu- 
nately not applicable. However, the Theorem could be of independent interest as it can 
be applied to inverse systems, where the structure *-homomorphisms admit sections (also 
*-homomorphisms) . 

Let Gn '■= {w^j : 2, j = 1, . . . , n} U {0, 1} be a set of generators satisfying the relations -R„ 

o* = o2 = o, r = i2 = i, 01 = = 10, iw'ij = w'l^i = w'lj, o<^. = wi^.o = 0, IKJ^i 

for all i,j. The pair {Gn,Rn) is an admissible pair for all n, so that there is a universal 

G*-algebra G*(G„,-R„,). There are surjective maps 6'„, : G„ — > G„_i given by 
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9n{x) := a; if a; = 0, 1 

ejw?..,) := <; ifi<^'^'<- 



otherwise. 



making {C*{Gn, Rn), On} an inverse system of C*-algebras and surjective *-homomorphisms. 
There are obvious sections s„_i : Gn-i — > Gn sending (-> 0, 1 n- 1 and w'^~'^ i— w^- 
giving rise to maps 7„ : — > G = lim^Gn as described above (see Equation (^). There 
are surjective *-homomorphisms 7r„ : G*{Gn, Rn) C{SUg{n)) for all n ^ 2 given on the 
generators by 7r„(x) = x for x = 0, 1 and TCniw^j) = m^-, which produce a morphism of inverse 
systems {7r„} : {C*(G„, {G{SUg{n))}. Indeed, it follows from the Relations (II]), ([2]) 

and ([3]) that the norms of the generators of G{SUq{n)) do not exceed 1 in any representation. 
Consequently, there is a surjective *-homomorphism of o"-C*-algebras (see [15] 1.6. Lemma) 

l^TTn : l^C*(G'„,i?„) -> C(St/,(00)). 
n n 

However, the authors cannot provide a good description of the kernel at the moment. Let us 
set G = hm G„ and let R denote the set of relations {7n(G„) satisfies Rn for all n}. Note 
that lis II ^ 1 viewed as a relation for a representation in a pro C7*-algebra B means that 
p{x) ^ 1 for all C*-seminorms p on B. The family of pairs {Gn, Rn) satisfy Hypotheses 
(jb]) and the pair {G,R) is weakly admissible (see Example 1.3.5.(2) of [13]), so that the 
above Theorem applies, i.e., Um C*(G„,i?„,) = G*{G,R). As a corollary, we deduce that 
the elements of ( ^m ^^ '7in){G) provide exphcit generators of G{SUq{oo)). 



2. (T-C*-QUANTUM HOMOGENEOUS SPACES 

In this section we define the concept of a o"-C*-quantum homogeneous space and explain 
it here. We also discuss in detail the interesting examples of the quantum versions of the 
homogeneous spaces associated to the universal special unitary group, SU (oo). 

Let {An,9n '■ An — i- An-i}nen ^ud {Bn,ipn '■ Bn — t" -Bn-i}rteN be couutablc inverse systems 
of C*-compact quantum groups with 6'„ and ipn surjective and unital for all n. Furthermore, 
let us assume that the co multiplication homomorphisms A^, form morphisms of inverse 
systems of C*-algebras {A;^} : {A„} {A„(8)A„} and {Af } : Then 
(y4, A"^) = (^im^ ^m^ A^) and {B,A^) = (^im^ ^im^ A^) are cr-C*-quantum groups 
by the discussion in the above section (see Example [I]). 
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Suppose now that there are compatible *-homomorphisms, 9'^ : An 
that the following diagrams commute 



Bni that is, such 



(5) 



and 
(6) 



An-l 



Ar, 



Br, 



B-n-l- 



Bn^Bn- 



Then, after Nagy [10\ one calls the C*-subalgebras 

= {/ G A„|(C®id)A;^(/) = 1®/} c An 

as C* -compact quantum homogeneous spaces for all n G N. It is pointed out by Nagy that 
a parallel theory can be developed for H„ = {/ ^ ^n\i^d<S)9'JA^{f) = C A„. By 

assumption, one has the following commutative diagram for all n, 



(7) 



Ar 



An(S)An 



A. 



n-l 



A:, 



Ar 



A similar commutative diagram holds for {Bn^ipn '■ Bn — )■ -Bn-i}neN- Then we have 

Lemma 2. In the notation above, the *-homomorphism 6^ : A^ A^-i restricts to a 
*-homomorphism of C* -compact quantum homogeneous spaces Hn Hn-i for all n G N. 

Proof. Let / G Hn- Then {e'^®id)/\^{f) = 1®/ and we compute, 

{e'^_,®id)At,{en{f)) = (0;_i®id)(^^„®0„)A;^(/) 

= (d®id)(id®0„)(^n®id)A;^(/) 

= (^;_i®id)(id®^„)i®/ 

= l®^n(/), 



showing that 6'„(/) G Tin-i- 
Now we define 



□ 



n := 



to be a a-C*- quantum homogeneous space, where the inverse hmit is once again taken inside 
the category of topological *-algebras. 

Remark 2. We remark here that this definition can be generalized as follows: Let {A,A^) 
and {B,A^) be a-C*-quantum groups, and 6' : A — > B be a *-homomorphism. Then one 
can also call the a -C* -subalgebra 

n = {f e A\{9'®id)A^{f) = 1®/} c A 

a a-C*-quantum homogeneous space. However we will not be discussing these here. 

Our next goal is to outline the construction of the quantum homogeneous space associated 
to the universal gauge group SU (oo). Recall that there is a surjective *-homomorphism 
9n : C{SUq{n)) — 7- C{SUq{n — 1)) defined on the generators by 



6n{x) := X if X = 0, 1 

eju. 



ifl<^,j<n-l, 



1-3 

5ijl otherwise. 



Then the quantum spheres (cf. pH]) are by fiat 
and come with induced *-homomorphisms 

: c{sf-^) ^ c{sf-^). 

Then the quantum homogeneous space associated to the universal gauge group SU{oo) is 
defined to be 

:= l^C(Sf-^). 

n 

It is shown in [T7] that C(S'^"~^) is isomorphic to a groupoid C*-algebra, which is independent 
of q. 

Example 2. Another example is that of the C* -quantum projective space (see, for instance, 

m), 

C{CP-) = C*{{vlv, I V, = u^:^,^^, V, = u-^:i,^^, 1 ^ z, J ^ n + 1}) C 

Moreover, there is a short exact sequence of C* -algebras relating the C* -quantum projective 
spaces (see Corollary 2 of [H]^, viz., 

(9) ^ K ^ C{CP^) C{CPg^-^) 0, 

for n ^ 1 and C(CP^) C. We define the C* -quantum infinite projective space as 

C{CPp = limC(CP;'). 



n 
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3. Representable K-theory of (t-C*-quantum homogeneous spaces 



The appropriate K-theory for o"-C*-algebras is representable K-theory, denoted by RK. In 
this section, we compute the representable K-theory of C{SUq{oo)) as well as some of the 
quantum homogeneous spaces associated to it. 

The RK-theory agrees with the usual K-theory of C*-algebras if the input is a C*-algebra 
and many of the nice properties that K-theory satisfies generalise to RK-theory. Let us 
briefly recall some of the basic facts about (T-C*-algebras and RK-theory after Phillips [H] 
and Weidner [2T] . 

(1) The RK-theory is homotopy invariant and satisfies Bott 2-periodicity. 

(2) If A is a C*-algebra, then there is a natural isomorphism RKj(y4) = Ki{A). 

(3) There is a natural isomorphism RKj(A®K) = RKj(y4), where K denotes the algebra 
of compact operators on a separable Hilbert space. 

(4) If {y4„}„gN is a countable inverse system of (j-C*-algebras with surjective homomor- 
phisms (which can always be arranged), then the inverse limit exists as a (j-C*-algebra 
and there is a Milnor l^m ^-sequence 

l^J^RKi_i(A„) RKi(Jim^y4„) ^ Jim^RKi(A„) ^ 0. 

Here we recall that Sheu [16] and Soibelman-Vaksman [20] have computed the K-theory of 
the C*-quantum spheres, viz., 

Ko(C(^f -1)) ~ Z and Ki(C(^f -^)) ~ Z. 
Theorem 2. RKo{C{S^)) ~ Z and RKi{C{S^)) - {0}. 
Proof. There is a short exact sequence for all n (see Corollary 8 of jl6j). 

^ C(T)®K — ^ C(5f ^ C(5f ^ 0. 
This gives rise to a 6-term exact sequence involving the topological K-theory groups 




(10) 



Sheu argues that di = (see Section 7 of ibid.) from which it follows that d^ = d^ = and 
d2 = d4^ = dg = id or —id. The differential d2 (resp. d^) is the homomorphism induced by 9n 
between the Ko-groups (resp. Ki-groups). By properties ([2]) and (jl]) above, one obtains the 
following exact sequence of abelian groups 
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Now Hm Kq{C {Sg"-^^)) ~ Z since all the connecting liomomorpliisms are isomorphisms and 
the l^m^-term vanishes as the connecting homomorphisms between the Ki-groups are all 
zero, whence RKo(C(^~)) ~ Z. Similarly, 1^^ Ki(C(S'2"-i)) ~ {0} and the ^^-term 
involving the Kp-groups vanishes as the Mittag-Leffler condition is satisfied. It follows that 
RK,(C(5-)) ^ {0}. 

□ 

Let us now compute the RK-theory of C{CP^)). The following result is presumably well- 
known, cf. 



Proposition 1. Ko{C{CP^)) - Z"+i and Ki(C(CP;')) ~ {0}. 

Proof. We argue by induction on n. For n = the assertion is true since C{CPg) ~ C. Let 
us set An = Ko{C{CP^)) and 5„ = Ki(C(CP;')), so that Aq = Z and Bq = {0}. The 6-term 
sequence associated to the short exact sequence gives 



:ii) 



z 



Bn-1 



Ar. 



Br, 



A. 



n-1 







By the induction hypothesis we obtain An-i = and Bn-i = {0}. It follows immediately 
that Bn = {0} and An fits into a short exact sequence 

^ Z ^ A„ ^ Z" ^ 0. 

Since Z" is a projective Z-module, this sequence splits, whence An = Z"+^. 

□ 

Theorem 3. RKo(C(CPg°°)) ~ 1^^ Z"+i = Z°° and RKi{C{CP;^)) ~ {0}. 

Proof. Once again let us set An = Ko{C{CP^)) and P„ = Ki{C{CP^)), so that A„ = Z 
and Bn = {0}. Invoking the Milnor l^m^-sequence we get 



n+l 



^ ^^iBn RKo{C{CPp) l^^^n ^ 0. 
From the argument of the above Proposition we conclude that the induced homomorphism 
An — )■ An^i corresponds to the surjective map Z"'^^ — )■ Z", i.e., projection onto the last 
n summands. Consequently, ^im^y4„ = ^im^Z"+^ = Z°° and clearly ^m^P„ = {0}. In the 
Milnor l^m^-sequence for RKi(C(CP^°°)), one finds ^m^P„ = {0} and the l^im^-term vanishes, 
whence RKi(C(CP;°)) = {0}. 
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□ 



Finally we turn our attention to the computation of the RK-theory of C{SUq{oo)). It is 
known that C{SUq{n)) is a type-I C*-algebra for all ^ 2 whence it is nuclear. The key 
step in our computation is the following result from pT] : 

Theorem 4 (Nagy). There are certain homological comparison elements 

a„GKK(C(5f/H),C(5f/,(n))), 
where KK denotes Kasparov's bivariant K-theory, which induce isomorphisms 

an : K,(C(Sf/(n)) ^ K,(C(5f/,H) 
for all n and i = 0, 1. Moreover, there are commutative squares 

(12) MC{SU{n))) K,{C{SUq{n))) 

MC{SU{n - 1))) — K,{C{SUq{n - 1))) 

where the left (resp. right) vertical arrow is induced by the *-homomorphism C{SU{n)) — j- 
C{SU{n - 1)) (resp. C{SUq{n)) C{SUq{n - I))). 

Remark 3. The homological comparison elements actually live in a bivariant 'K-theory de- 
veloped by Nagy, but this bivariant K-theory agrees with Kasparov's KK-theory for nuclear 
separable C*-algebras. The above commutative diagram f ll2p follows from the explicit de- 
scription of the homological comparison elements as partially defined *-homomorphisms on 
the generators ufj's (see Comment 3.9. of ibid.). 

Proposition 2. RK,(C(5f/g(oo))) ~ \^\Ki_,{C{SU(n))) ®\^^Ki{CSU{n))). 

Proof. The Milnor l^m ^-sequence applied to the inverse system {C{SUq{n))} gives us the 
following short exact sequence 

\^\Ki.i{C{SUq{n))) RKi(C(5f/g(oo))) ^ \^Ki{C{SUg{n))) 0. 

From the above result of Nagy we conclude that ^im^ Kj(C(S'f/q(n))) = l^m^^ Ki{C{SU (n))) 
and \^\Ki{C{SUq{n))) = 1^^ Ki(C(5f/(n))). It is known that the K-theory of simply 
connected compact Lie groups is torsion free whence \^m. ^Ki{C{SU jn))) is torsion free. 
The above sequence splits and the assertion follows. □ 

Let us set K*{SU{n)) = K°(5f/(n)) © K\SU{n)). There is a Z/2-graded Hopf algebra 
structure on K*{SU{n)), which is naturally isomorphic to K^{C{SU{n))). Let p : SU{n) — )■ 
U{N) be any unitary representation. Composing p with the canonical inclusion U{N) ^ 
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f/(oo) one obtains a map p : SU{n) — )• f/(oo), whose homotopy class determines an element of 
¥^~^{SU{n)) = K^{SU{n)). Let p", ■ ■ ■ ,p^_i be the fundamental representations of SU{n). 
Then we refer the readers to Theorem A of [6J, a special case of which says 

Theorem 5 (Hodgkin). K*{SU{n)) ~ A^ziPi, ■ ■ ■ i Pn-i) ^■^ 1'/2-graded Hopf algebras. 

The canonical inclusion SU{n — 1) — t- SU{n) of Lie groups induces a Z/2-graded homomor- 
phism K*{SU{n)) — )■ K*{SU{n — 1)). The fundamental representations of SU{n) admit a 
simple description, i.e., p" : SU{n) — )■ Aut(A*(\^)), where ~ C" denotes the standard rep- 
resentation of SU{n). Using the branching rule of the restricted fundamental representation 
one finds that the induced Z/2-graded ring homomorphism K*(SU{n)) K*{SU{n — 1)) 
sends 

p7 ^ P?"' + p7~i for 1 ^ z ^ n - 1 with pj;-^ = 1 and p^^lj = 1. 

It follows that every generator p""^, ■ ■ ■ , p^Zl of K*(SU (n — 1)) has a preimage, whence the 
induced homomorphism is surjective. Consequently, the ^im^-term in Proposition |2] above 
vanishes and one finds 

Theorem 6. RK^,{C{SUg{oo))) = lim^ Az(p", ■ ■ ■ , Pn-i) as 'L/2-graded abelian groups. 
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